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Generalized GHZ-class and W-class concurrence and entanglement vectors
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We propose two classes of the generalized concurrence vectors of the multipartite systems consist-
ing of qubits. Making use of them, we are able to, respectively, describe and quantify GHZ-class and
W-class entanglement both in total and between arbitrary two partite in the multipartite system
consisting of qubits. In the case of pure state of three qubits that one partite is separable, it is shown
to exactly back to the usual Wootters’ concurrence after introduce a whole concurrence vector. In
principle, our method is applicable to any N-partite systems consisting of N qubits.
PACS numbers: 03.67.-a, 03.65.Bz, 03.65.Ud
Quantum entanglement lies at the heart of quantum
mechanics and is viewed as a useful resource in quantum
information. At present, there are three most promising
ideas for quantifying entanglement. They are the entan-
glement of formation [1, 2], the relative entropy of entan-
glement [3] and the entanglement of distillation [1, 4] for
bipartite systems. In particular, via Wootters’ develop-
ment [5], the entanglement of formation is written as a
binary entropy function of the density matrix or concur-
rence for a pair of qubits.
Since Bennett et. al’s work [6], the measures of entan-
glement in multipartite systems have attracted a lot of
attention and achieved some developments. One of them
is that a kind of form of concurrence of three qubits was
suggested [7].
Recent years, based on the above ideas of the entangle-
ment measures, we have tried to put forward to the gener-
alized entanglement of formation (GEF)[8] and modified
relative entropy of entanglement (MRE) in multipartite
systems [9]. Moreover, we also study the obvious ex-
pression of concurrence [10] and the general solution of a
4× 4 Hermit and positive matrix [11] in order to seek for
a general expression of concurrence of multipartite sys-
tems consisting of qubits. However, it is still difficult to
find out such a form of concurrence of many qubits since
involving amount of calculations.
Usually, for simplicity, the entanglement of multipar-
tite systems is thought of a single scalar. However, be-
cause that three qubits can be entangled in two inequiv-
alent ways and one class state of them can not be ob-
tained from another class state via. any local operation
and classical communication (LOCC)[12], we can think
that the entanglement measure contains or divides two
parts: GHZ-class and W-class ones. In addition, the en-
tanglement between arbitrary two partite also need be
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known in practise. Thus, in our view, it is better to use
the vectorial and class-related measures to quantify the
entanglement of multipartite systems. Therefore, in this
letter, we propose two classes of generalized concurrence
vectors of the multipartite systems consisting of qubits,
which are functions of the density of matrix. Making
use of them, we are able to, respectively, describe and
qualify GHZ-class and W-class entanglement both in to-
tal and between arbitrary two partite in the multipartite
systems consisting of qubits. In the case of pure state
of three qubits that one partite is separable, it is shown
to exactly back to the usual Wootters’ concurrence after
introduce a whole concurrence vector. In princple, our
method is applicable to any N -partite system consisting
of N qubits.
Let us start with the concurrence of two qubits [2, 5].
In terms of so-called magic basis, one can rewrite the
entanglement of formation for a pure state |ψ〉 = a|00〉+
b|01〉+ c|10〉+ d|11〉 as a binary entropy function
H(x) = −x log x− (1− x) log(1− x), (1a)
x =
1 +
√
1− C2
2
(1b)
where C is called as “concurrence”, and
C = 2|ad− bc| (2)
The idea of Wootters’ work [5] is just to take such a
binary entropy function as a measure of entanglement
for mixed state and obtain a method to calculate correct
concurrence so that this binary entropy function depen-
dent on C is not larger than
∑
i p
iEEF (ρ
P
i ) for any pure
state decompositions ρM =
∑
i p
iρPi . Wootters gave out,
for the mixed state ρ of two qubits, the concurrence is
C = max(λ1 − λ2 − λ3 − λ4, 0) (3)
where the λi, in decreasing order, are the square roots
of the eigenvalues of the generation matrixρ1/2ρ˜ρ1/2 =
ρ1/2(σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2)ρ1/2, and ρ∗ denotes the
complex conjugation of ρ in the computation basis
{|00〉, |01〉, |10〉, |11〉}. Alternatively, one can say that the
λi are the square roots of the eigenvalues of ρρ˜.
2Wootters’ formula of concurrence makes use of what
can be called “spin flip” transformation. For a general
state described by a density matrix ρ in the systems of
two qubits, this spin-flipped state is defined by
ρ˜A1A2 = (σ2 ⊗ σ2)ρ∗A1A2(σ2 ⊗ σ2) (4)
One has known that this way can not be directly ex-
tended to the multipartite systems because the trace of
ρρ˜ is zero for a pure state of three qubits.
In order to overcome this difficulty, we note that σ2⊗σ2
can be written as a linear combination of Bell’s states
with the weight ±1, that is
σ2 ⊗ σ2 =
4∑
i=1
ci|Bi〉〈Bi| (5)
where c1 = c4 = −1, c2 = c3 = 1, and four Bell’s states
|Bi〉 are denoted by, respectively, |B1〉 = (|00〉+|11〉)/
√
2,
|B2〉 = (|00〉− |11〉)/
√
2, |B3〉 = (|01〉+ |10〉)/
√
2, |B4〉 =
(|01〉 − |10〉)/√2. Therefore, we can rewrite the “spin
flipped” (tilde) density matrix as
ρ˜A1A2 =
4∑
i,j=1
cicj〈Bj |ρA1A2 |Bi〉|Bi〉〈Bj | (6)
It implies that the generation matrix of concurrence
ρ1/2ρ˜ρ1/2 has the following the important physical fea-
tures: (1) Its matrix elements are the linear combinations
of the matrix elements of density matrix on cat state ba-
sis with the weight ±1; (2) It is just a cat state when the
ρ is a cat state; (3) It is a zero matrix when the ρ is a
(fully) separable pure state.
Our physical idea (or assumption) is the above three
features are kept in the case of multipartite systems con-
sisting of qubits. However, from the above statement,
such a concurrence must be a class of concurrence that
only can quantify GHZ-class entanglement of the entan-
gled states, which can be seen more clearly later.
In order to obtain the concurrence of multipartite of
systems, let’s first denote the GHZ’s states for N -qubits
∣∣gNi 〉 = 1√
2
(∣∣∣sN[(i+1)/2]〉+ (−1)i−1∣∣∣sN2N−1+[(i+1)/2]〉) (7)
where [ ] means to take the integer part and all of
∣∣sNi 〉
are the familiar spin basis (computation basis).
Consider the case of three qubits, its “tilde” state
should be written as
ρ˜ghzA1A2A3 =
8∑
i,j=1
cicj
〈
g3j
∣∣ρA1A2A3∣∣g3i 〉∣∣g3i 〉〈g3j ∣∣ (8)
In particular, for a pure state ρ = |ψ〉〈ψ|, we have
ρ˜ghzA1A2A3 = |Ψ〉〈Ψ|, |Ψ〉 =
8∑
i=1
ci〈ψ|g3i 〉
∣∣g3i 〉 (9)
Under the requirement keeping the invariance of GHZ’s
states, we have c2i = 1, that is, ci is equal to 1 or −1.
Set ρ = |000〉〈000|, from ρ˜ρ = 0 it follows that c1 = −c2.
This is because that |Ψ〉 becomes (c1
∣∣g31〉 + c2∣∣g32〉)/√2
and 〈Ψ|000〉 = 0 result in c1 + c2 = 0. Likewise, we
obtain
c2i−1 = −c2i (i = 1, 2, 3, 4) (10)
Furthermore, when ρ is a fully separable pure state,
without loss of generality, we write it by
|ψs〉=(a1|0〉+b1|1〉)⊗(a2|0〉+b2|1〉)⊗(a3|0〉+b3|1〉) (11)
Thus, from Eq.(9) it follows that
〈Ψ|ψs〉 = 2(c1 + c3 + c5 + c7)a1a2a3b1b2b3 (12)
Based on our precondition, for any fully separable pure
state, 〈Ψ|ψs〉 = 0 , it follows that,
c1 + c3 + c5 + c7 = 0 (13)
It corresponds to three choices: (1) c1 = c3 = −1, c5 =
c7 = 1; (2)c1 = c5 = −1, c3 = c7 = 1; (3)c1 = c7 = −1,
c3 = c5 = 1. The others are given by eq.(10).
It must be emphasized that ρ˜ has to be get by a lo-
cal transformation from ρ. Otherwise, it can change the
quantity of entanglement of the studied state in general.
Actually, we have found out three local transforma-
tions which are the direct products of Pauli matrices
ρ˜ghz(1, 2) = (σ2 ⊗ σ2 ⊗ σ1)ρ∗(σ2 ⊗ σ2 ⊗ σ1) (14a)
ρ˜ghz(1, 3) = (σ2 ⊗ σ1 ⊗ σ2)ρ∗(σ2 ⊗ σ1 ⊗ σ2) (14b)
ρ˜ghz(2, 3) = (σ1 ⊗ σ2 ⊗ σ2)ρ∗(σ1 ⊗ σ2 ⊗ σ2) (14c)
Because these product of Pauli matrices have forms
8∑
k=1
ck(i, j)
∣∣g3k〉〈g3k∣∣ (i < j, i, j = 1, 2, 3) (15)
and their coefficients ck(1, 2), ck(1, 3) and ck(2, 3) respec-
tively correspond to the three choices (1), (2) and (3).
Therefore, we can define the generation matrices of
GHZ-class concurrences by
MghzC (i, j) = ρ
1/2ρ˜ghz(i, j)ρ1/2 (16)
First, consider a pure state ρ = |ψ〉〈ψ|. Because ρ2 =
ρ, then ρ1/2 = ρ. The generation matrix of concurrence
becomes MC = |〈Ψ|ψ〉|2ρ. It means that for a pure state
|ψ〉, its three GHZ-class concurrences are given by
Cghzij = |〈Ψij |ψ〉|, |Ψij〉 =
8∑
k=1
ck(i, j)〈ψ|g3k〉
∣∣g3k〉 (17)
For the case of mixed states, we suggest according to
Wootters’s form, without a strict proof, in multipartite
systems, and then defining the concurrences
Cghzij = max
(
2λghz1 (i, j)−
8∑
k=1
λghzk (i, j), 0
)
(18)
3where the λghzk (i, j) (i < j, i, j = 1, 2, 3), in decreasing
order, are the square roots of the eigenvalues correspond-
ing to the generation matricesMghzC (1, 2),M
ghz
C (1, 3) and
MghzC (2, 3).
We think that the above three concurrences form a so-
called GHZ-class “concurrence vector” of the entangled
states. Making use of Cghzij , (i < j, i, j = 1, 2, 3), we
can rightly describe and qualify GHZ-class entanglement
of the entangled states between the partite i and the
partite j via. defining a GHZ-class measure vector of
entanglement, whose components are
Eghzij = H
[
1
2
(
1 +
√
1− Cghzij 2
)]
(19)
where H(x) is a binary entropy function as Eq.(1a). The
total GHZ-class entanglement measure, as a scalar, can
be defined as the norm of this entanglement vector
EghzT =
√
Eghz12
2 + Eghz13
2 + Eghz23
2 (20)
Without loss of generality, we denote a pure state by
|ψ〉 =
8∑
i=1
xi
∣∣s3i 〉 (21)
It is easy to obtain that
Cghz12 = 2|x4x5 + x3x6 − x2x7 − x1x8| (22a)
Cghz13 = 2|x4x5 − x3x6 + x2x7 − x1x8| (22b)
Cghz23 = 2|x4x5 − x3x6 − x2x7 + x1x8| (22c)
Obviously, for the fully separable pure states, they are
zero. For the general GHZ’s states including the non
maximum ones (for example, α|000〉+β|111〉), their com-
ponents of concurrence vector are all equal to 2|αβ|.
However, for a general W-state or a general anti W-state:
|W 〉 = α|001〉+ β|010〉+ γ|100〉 (23)∣∣W〉 = α|011〉+ β|101〉+ γ|110〉 (24)
their above components of concurrence vector are equal
to zero. It implies that the above concurrence vector can
not qualify the entanglement of W-class states rightly. It
is not surprised since our above definition in Eq.(8).
In terms of similar physical idea and calculation
method, we are able to define the W-class concurrence
vector. First, we write down
ρ˜W(1, 2) = (σ2 ⊗ σ2 ⊗ σ0)ρ∗(σ2 ⊗ σ2 ⊗ σ0) (25a)
ρ˜W(1, 3) = (σ2 ⊗ σ0 ⊗ σ2)ρ∗(σ2 ⊗ σ0 ⊗ σ2) (25b)
ρ˜W(2, 3) = (σ0 ⊗ σ2 ⊗ σ2)ρ∗(σ1 ⊗ σ2 ⊗ σ2) (25c)
where we have used the fact that these local transforma-
tions have the forms
8∑
k=1
dk(i, j)|Bk(i, j)〉〈Bk(i, j)| (26)
where |Bk(i, j)〉 (i < j, i, j = 1, 2, 3) are that Bell’s states
of (i, j)-partite product a spin basis of the third sparable
partite, for example,
|B1(1, 2)〉 = (
∣∣s31〉+ ∣∣s37〉)/√2 (27a)
|B2(1, 2)〉 = (
∣∣s31〉− ∣∣s37〉)/√2 (27b)
|B3(1, 2)〉 = (
∣∣s33〉+ ∣∣s35〉)/√2 (27c)
|B4(1, 2)〉 = (
∣∣s33〉− ∣∣s35〉)/√2 (27d)
|B5(1, 2)〉 = (
∣∣s32〉+ ∣∣s38〉)/√2 (27e)
|B6(1, 2)〉 = (
∣∣s32〉− ∣∣s38〉)/√2 (27f)
|B7(1, 2)〉 = (
∣∣s34〉+ ∣∣s36〉)/√2 (27g)
|B8(1, 2)〉 = (
∣∣s34〉− ∣∣s36〉)/√2 (27h)
and the weights are
d1(i, j) = −d3(i, j)=−d5(i, j) = d7(i, j) = −1 (28a)
d2k−1(i, j)=−d2k(i, j) (i < j, i, j = 1, 2, 3) (28b)
Therefore, we can define the generation matrices of W-
class concurrence vector by
MWC (i, j) = ρ
1/2ρ˜W(i, j)ρ1/2 (29)
It is easy to obtain that for a pure state |ψ〉, its W-class
concurrence is given by
CWij = |〈Ψij |ψ〉| (30a)
|Ψij〉 =
8∑
k=1
dk(i, j)〈ψ|Bk(i, j)〉|Bk(i, j)〉) (30b)
While W-class concurrence vector for the mixed states,
again according to Wootters’ form without proof, can be
suggested as
CWij = max
(
2λW1 (i, j)−
8∑
k=1
λWk (i, j), 0
)
(31)
where the λWk (i, j) (i < j, i, j = 1, 2, 3), in decreasing
order, are the square roots of the eigenvalues correspond-
ing to the generation matrices MWC (1, 2),M
W
C (1, 3) and
MWC (2, 3). Then a W-class measure vector of entangle-
ment and its norm are just
EWij = H
[
1
2
(
1 +
√
1− CWij 2
)]
(32)
EWT =
√
EW12
2 + EW13
2 + EW23
2 (33)
They can be used to describe and qualify W-class entan-
glement of the entangled states both in total and between
arbitrary two partite.
It is easy to get that for a pure state defined by Eq.(21)
CW12 = 2|x3x5 + x4x6 − x1x7 − x2x8| (34a)
CW13 = 2|x2x5 − x1x6 + x4x7 − x3x8| (34b)
CW23 = 2|x2x3 − x1x4 + x6x7 − x5x8| (34c)
4For the fully separable pure states, they are zero. For a
general W-state and anti W-state, we have
CW12 = 2|βγ|, CW13 = 2|αγ|, CW23 = 2|αβ| (35a)
CW12 = 2|αβ|, CW13 = 2|αγ|, CW23 = 2|βγ| (35b)
They rightly give out the pair of entanglement of the
general W-states and/or the general anti W-states [12].
For the general GHZ’s states including the non maximum
ones (for example, α|000〉+ β|111〉), their components of
W-class concurrence vector are all equal to 0. Again,
note that the fact that GHZ-class concurrence vectors
of the general W-states or the general anti W-states are
equal to zero, we think that these results imply that our
classification to be useful and correct.
It must point out that both Cghz and CW do not exactly
describe the partially separable states in general. As a
example, considering the state (y1|00〉+y2|01〉+y3|10〉+
y4|11〉) ⊗ (a3|0〉 + b3|1〉). In terms of our concurrences,
its non-zero components of concurrence vectors are
Cghz12 = 2|y1y4 − y2y3|(2|a3b3|) (36a)
CW12 = 2|y1y4 − y2y3|(|a23 + b23|) (36b)
the others components are zero as expected. In order to
exactly back to the usual case of two qubits at least for
a pure state, we introduce the whole concurrence vector
Cij =
Cghzij + C
W
ij∑
α λα(|a2k(α) + b2k(α)| + 2|ak(α)bk(α)|)
(37)
where i 6= j 6= k, i < j, and λα and ak(α)|0〉 + bk(α)|1〉
are respectively the eigenvalues and corresponding eigen-
vectors of the reduced density matrix of k partite. Actu-
ally, in the definitions of Cghzij and C
W
ij , the above denom-
inator in eq.(37) can be added either. In our above exam-
ple, it is |a23+ b23|+2|a3b3|, and thus C12 = 2|y1y4−y2y3|.
It is just the same as Wootters’ concurrence [5]. There-
fore, we can think that the whole entanglement vector of
three qubits can be defined by
Eij = H
[
1
2
(
1 +
√
1− Cij2
)]
(38)
and its norm, as a measure of whole entanglement, is just
E =
√
E122 + E132 + E232 (39)
For four qubits, we can, in similar way, define
ρ˜ghz(1, 2)=(σ2⊗σ2⊗σ1⊗σ1)ρ∗(σ2⊗σ2⊗σ1⊗σ1) (40a)
ρ˜ghz(1, 3)=(σ2⊗σ1⊗σ2⊗σ1)ρ∗(σ2⊗ σ1⊗σ2⊗σ1) (40b)
ρ˜ghz(1, 4)=(σ2⊗σ1⊗σ1⊗σ2)ρ∗(σ2⊗σ1⊗σ1⊗σ2) (40c)
ρ˜ghz(2, 3)=(σ1⊗σ2⊗σ2⊗σ1)ρ∗(σ1⊗σ2⊗σ2⊗σ1) (40d)
ρ˜ghz(2, 4)=(σ1⊗σ2⊗σ1⊗σ2)ρ∗(σ1⊗σ2⊗σ1⊗σ2) (40e)
ρ˜W(1, 2)=(σ2⊗σ2⊗σ0⊗σ0)ρ∗(σ2⊗σ2⊗σ0⊗σ0) (41a)
ρ˜W(1, 3)=(σ2⊗σ0⊗σ2⊗σ0)ρ∗(σ2⊗ σ0⊗σ2⊗σ0) (41b)
ρ˜W(1, 4)=(σ2⊗σ0⊗σ0⊗σ2)ρ∗(σ2⊗σ0⊗σ0⊗σ2) (41c)
ρ˜W(2, 3)=(σ0⊗σ2⊗σ2⊗σ0)ρ∗(σ0⊗σ2⊗σ2⊗σ0) (41d)
ρ˜W(2, 4)=(σ0⊗σ2⊗σ0⊗σ2)ρ∗(σ0⊗σ2⊗σ0⊗σ2) (41e)
Further, in terms of the above methods and procedure,
we can define the two-classes of concurrence vectors and
then the two classes of entanglement vectors which re-
spectively quantify GHZ-class and W-class entanglement
of the entangled states. Obviously, we can extend, in
princple, our method to any N -partite system consisting
of N qubits.
In the end, we would like to point out that our phys-
ical idea is reasonable and our conclusions are clear at
least for the pure states. The whole entanglement also
can be thought of eq.(39) when the classification is not
important. In the case of mixed states, a strict proof
about the definitions of two classes of concurrence vec-
tors is expected. It seems to be very difficult since so far
ones have no enough knowledge about the entanglement
in the multipartite systems. Alternatively, the numerical
simulations should be able to be used for revealing and
analysis the behaviors of Eghz(i, j) and EW(i, j). Never-
theless, we will try, in theoretical, to prove strictly that
our GHZ-class and W-class entanglement measure norms
are invariant or non-increasing under LOCC.
This study is on progressing.
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